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The higher-order interactions of complex systems, such as the brain are captured by their simplicial
complex structure and have a significant effect on dynamics. However, the existing dynamical models
defined on simplicial complexes make the strong assumption that the dynamics resides exclusively
on the nodes. Here we formulate the higher-order Kuramoto model which describes the interactions
between oscillators placed not only on nodes but also on links, triangles, and so on. We show that
higher-order Kuramoto dynamics can lead to an explosive synchronization transition by using an
adaptive coupling dependent on the solenoidal and the irrotational component of the dynamics.
PACS numbers:
From the brain [1–5] to social interactions [6–9] and
complex materials [10, 11], a vast number of complex
systems have the underlying topology of simplicial com-
plexes [12–14]. Simplicial complexes are topological
structures formed by simplices of different dimension
such as nodes, links, triangles, tetrahedra and so on,
and capture the many-body interactions between the el-
ements of an interacting complex system. In the last
years simplicial complex modelling has attracted signifi-
cant attention [15–18] revealing the fundamental mecha-
nisms determining emergent network geometry [19] and
the interplay between network geometry and degree cor-
relations [16]. Modelling complex systems using simpli-
cial complexes allows for the very fertile perspective of
considering the role that higher-order interactions have
on dynamical processes. For instance, recent works
[6–9, 20–24] on simplicial complex dynamics, including
works on simplicial complex synchronization [21–24], re-
veal that the topology and geometry of the simplicial
complexes and their many-body interactions induce co-
operative phenomena that cannot be found in pairwise
networks.
In the last years explosive synchronization [25, 26] is
attracting increasing scientific interest. Different path-
ways to explosive synchronization have been explored in
the framework of the Kuramoto dynamics of single and
multilayer networks. These notably include correlating
the intrinsic frequency of the nodes to their degree [27]
or modulating the coupling between different oscillators
adaptively using the local order parameter in single net-
works and in multiplex networks [28, 29]. An outstanding
open question is to establish the conditions that allow ex-
plosive synchronization on simplicial complexes.
Among the papers investigating synchonization dy-
namics beyond pairwise interactions [30, 31], recent
works [22, 32] have proposed a many-body Kuramoto
model where the phases associated with the nodes of the
network can be coupled in triplets or quadruplets if the
corresponding nodes share a triangle or a tetrahedron.
Interestingly in this context it has been shown [22] that
the many-body Kuramoto dynamics can lead to explo-
sive, i.e. discontinuous phase transitions. However, the
vast majority of works that address the study of dynam-
ics on simplicial complexes, have the limitation that they
associate a dynamic variable exclusively with nodes of a
network. Here we are interested in a much more general
scenario where the dynamics can be associated with the
faces of dimension n ≥ 0 of a simplicial complex. Indeed
dynamical processes might not just reside on nodes, in-
stead they might be related directly to dynamics defined
on higher dimensional simplices leading to the definition
of topological dynamical signals [33]. For instance each
link can be associated with a flux. Flow dynamics is rel-
evant for biological transport networks including fungal
networks [34], tree vascular networks [35], microvascular
networks [36], or hemodynamic in the mammalian cor-
tex [37], where there is some evidence that the dynamics
can spontaneously give rise to oscillatory currents. Flow
signals can be also used to analyze fMRI brain data [38]
and to study blood flow between different regions of the
brain. More in general, the simplicial complex can be
considered as a representation of interactions of different
order. For instance, for any given networked structure
the line-graph construction [39, 40] allows to map links
into nodes of the line-graph, so that a dynamics defined
on the links of a simplicial complex can be mapped on
a node dynamics of its line graph. However, the original
simplicial complex provides a definition of the many-body
interactions solidly based on topology.
In this Letter we formulate a higher-order Kuramoto
2dynamics where the dynamical variables are coupled os-
cillators associated with higher dimensional simplices
such as nodes, links, triangles and so on. By using Hodge
decomposition we show that the dynamics defined on an
n-dimensional simplex can be projected on the dynamics
defined on n+1 and n−1 dimensional simplices. We pro-
pose a simple higher-order Kuramoto dynamics in which
these two projected dynamics are decoupled and display
a continuous phase transition. We then formulate the
explosive higher-order Kuramoto dynamics which adap-
tively couples the two projected dynamics with a mech-
anism inspired by Ref. [28], showing that in this case
the explosive higher-order Kuramoto dynamics leads to
a discontinuous synchronization transition. This implies
for instance that a dynamics defined on links can induce a
simultaneous explosive synchronization on the dynamics
projected on nodes and triangles. Therefore our work elu-
cidates an important mechanism leading to higher-order
explosive Kuramoto dynamics.
Definition of simplicial complexes - Simplicial com-
plexes represent higher-order networks, which include in-
teractions between two or more nodes, described by sim-
plices. A node is a 0-dimensional simplex, a link is a
1-dimensional simplex, a triangle is a 2-dimensional sim-
plex, a tetrahedron is a 3-dimensional simplex, and so
on. The faces of a simplex α of dimension n are all the
simplices α′ of dimension n′ < n that can be constructed
by taking proper subsets of the set of all the nodes form-
ing the simplex α. A simplicial complex K is formed by
a set of simplices that satisfy the condition of closure
(given a simplex belonging to the simplicial complex all
its faces also belong to the simplicial complex). In this
work we will use the configuration model [16] of simplicial
complexes, which naturally generalizes the configuration
model of networks (see Supplementary Material (SM) for
other topologies). In particular, the d-dimensional con-
figuration model generates simplicial complexes formed
by gluing d-dimensional simplices such that every node
is incident to a given number of d-dimensional simplices
called its generalized degree. In topology simplices have
also an orientation. A n-dimensional oriented simplex α
is a set of ordered n+ 1 nodes
α = [i0, i1, . . . , in].
For instance, a link α = [i, j] has opposite sign of the
link [j, i], i.e. [i, j] = −[j, i]. Similarly, we associate an
orientation to higher-order simplices satisfying
[i0, i1, . . . , in] = (−1)σ(pi)[ipi(0), ipi(1), . . . , ipi(n)], (1)
where σ(pi) indicates the parity of the permutation pi.
Here we consider the orientation induced by the labelling
of its nodes, i.e. for every simplex in a simplicial complex
we give positive orientation as the one provided by the
increasing list of node labels (see Figure 1).
In topology [33, 41–43], the n-chains Cn are the
elements of a free abelian group with basis the n-
dimensional simplices of a simplicial complex. The
boundary map is a linear map ∂n : Cn → Cn−1 defined
by its action on each simplex. Specifically, the bound-
ary map maps every n-dimensional simplex α to a linear
combination of the (n− 1)-dimensional oriented faces at
its boundary, given by
∂n[i0, i1 . . . , in] =
n∑
p=0
(−1)p[i0, i1, . . . , ip−1, ip+1, . . . , in].(2)
The boundary map satisfies the important property that
∂n−1∂n = 0, that is usually expressed by saying that the
boundary of a boundary is null (see SM [45]). Given a
simplicial complex with N[n] n-dimensional simplices, the
boundary map ∂n can be described using the N[n−1] ×
N[n] incidence matrix B[n] (see SM [45]). For instance,
in Figure 1 we show an example of a simplicial com-
plex formed by the set of nodes {[1], [2], [3], [4]}, the set
of links {[1, 2], [1, 3], [2, 3], [3, 4]}, and the set of triangles
{[1, 2, 3]}. The incidence matrices [33, 41–43] of this sim-
plicial complex are given by
B[1] =
[1,2] [1,3] [2,3] [3,4]
[1] −1 −1 0 0
[2] 1 0 −1 0
[3] 0 1 1 −1
[4] 0 0 0 1
, B[2] =
[1,2,3]
[1,2] 1
[1,3] −1
[2,3] 1
[3,4] 0
.(3)
FIG. 1: An example of a small simplicial complex with the
orientation of the simplices induced by the labelling of the
nodes.
Higher-order Laplacians - The graph Laplacian is
widely used to study dynamical processes defined on the
nodes of a network. It can be expressed in terms of the
boundary matrix B[1] as
L[0] = B[1]B
>
[1]. (4)
The higher-order Laplacian L[n] [33, 41–43], with n > 0,
generalizes the graph Laplacian by describing diffusion
taking place on n dimensional faces. The n-th Laplacian
L[n] is an N[n] ×N[n] matrix given by
L[n] = B
>
[n]B[n] +B[n+1]B
>
[n+1]. (5)
The spectral properties of the higher-order Laplacian can
be proven to be independent of the orientation of the sim-
plices as long as the orientation is induced by a labelling
of the nodes. The main property of the higher-order
Laplacian is that the degeneracy of the zero eigenvalue of
3L[n] is equal to the Betti number βn, and that its corre-
sponding eigenvectors localize around the corresponding
n-dimensional cavities of the simplicial complex.
The higher-order Laplacians have notable spectral
properties induced by the topological properties of the
boundary map [33]. In fact, given that ∂n−1∂n = 0, we
have B[n−1]B[n] = 0 and, similarly, B>[n]B
>
[n−1] = 0. It
follows that the eigenvectors associated with the non-null
eigenvalues of L
[up]
[n] = B[n+1]B
>
[n+1] are orthogonal to the
eigenvectors associated with the non-null eigenvalues of
L
[down]
[n] = B
>
[n]B[n]. It follows that the non-null eigenval-
ues of L[n] are either the non-null eigenvalues of L
[up]
[n] or
the non-null eigenvalues of L
[down]
[n] . This property of the
higher-order Laplacian can be exploited to prove that ev-
ery vector x[n] defined on n-dimensional simplices can be
decomposed according to the Hodge decomposition [33]
as
x[n] = x
H
[n] +B
>
[n]z[n−1] +B[n+1]z[n+1] (6)
where xH[n] is the harmonic component that satisfies
B>[n+1]x
H
[n] = 0, B[n]x
H
[n] = 0, the term B
>
[n]z[n−1] is the
irrotational component as we have B>[n+1]B
>
[n]z[n−1] = 0
and the third term B[n+1]z[n+1] is the solenoidal compo-
nent as we have B[n]B[n+1]z[n+1] = 0.
Higher-order Kuramoto dynamics - The Kuramoto
model [44] is a dynamical model for the vector θ whose
elements are the phases θi associated to the nodes of the
simplicial complex. Each oscillator i has an internal fre-
quency ωi and is coupled pairwise to the oscillator of the
connected nodes by the coupling constant σ. Interest-
ingly, the Kuramoto dynamics can be interpreted as a
dynamics defined on the nodes of a simplicial complex,
i.e. simplices of dimension n = 0, indicated with label
i = 1, 2, . . . , N[0], and it can be expressed in terms of the
incidence matrix B[1] (see SI) as
θ˙ = ω − σB[1] sinB>[1]θ, (7)
where here and in the following sinx indicates the column
vector where the sine function is taken element wise and
ω is the vector of internal frequencies ωi associated to
the nodes of the simplicial complex.
Here our goal is to extend the Kuramoto dynamics
to describe synchronization among dynamical phases θα
associated to each simplex α of dimension n > 0, i.e.
links (for n = 1) or even higher dimensional simplices.
We assume that these dynamical signals are phases that
oscillate with some internal frequency and they can be
coupled by higher-order interactions. The natural way
to choose the coupling between n-dimensional phases is
suggested by the generalization of the Kuramoto dynam-
ics using the higher-order incidence matrices
θ˙ = ω − σB[n+1] sinB>[n+1]θ − σB>[n] sinB[n]θ, (8)
where ω is the vector of intrinsic frequencies ωα associ-
ated to each n-dimensional simplex α and drawn from
a normal distribution with mean Ω and variance 1, i.e.
ω ∼ N (Ω, 1). The higher-order Kuramoto dynamics de-
scribes a dynamics of phases associated to simplices of
dimension n as links (n = 1), triangles (n = 2) and so on
(see SM [45]).
An important question to ask is whether the dynamics
associated to n-dimensional simplices induces a dynamics
on lower or higher dimensional simplices. For instance,
if we have a Kuramoto dynamics defined on links, what
is the effect of this dynamics on nodes and triangles? It
turns out that there is a simple way to project the dy-
namics defined on links into dynamics defined on nodes
and triangles suggested by topology. More in general, we
can project the dynamics defined on n simplices to the
dynamics defined on simplices of dimension n − 1 and
n + 1 by using the higher-order incidence matrices. To
this end, let us indicate with θ[+] the vector of N[n+1]
phases associated to each n+ 1 simplex of the simplicial
complex. This vector describes the projection of the dy-
namics on simplices of dimension n + 1. Similarly, let
us indicate with θ[−] the vector of N[n−1] phases associ-
ated with each n − 1 simplex of the simplicial complex.
This vector represents the projection of the dynamics on
simplices of dimension n− 1. Topological considerations
suggest the physical meaning of these projecting as θ[+]
and θ[−] are respectively as the “discrete curl” and “dis-
crete divergence” of θ i.e.
θ[+] = B>[n+1]θ,
θ[−] = B[n]θ. (9)
Using the Hodge decomposition it is easy to show that
θ[+] depends only on the solenoidal component of the
dynamics defined on n-dimensional phases, whereas θ[−]
depends only on the irrotational component. Since we
have that B>[n]B
>
[n−1] = 0 and B[n−1]B[n] = 0, if θ obeys
the higher-Kuramoto dynamics, then the projected dy-
namical variables θ[+] and θ[−] evolve independently ac-
cording to
θ˙[+] = B>[n+1]ω − σL[down][n+1] sin(θ[+]),
θ˙[−] = B[n]ω − σL[up][n−1] sin(θ[−]). (10)
Therefore, the dynamics defined on n-dimensional
simplices can naturally be decoupled into two non-
interacting dynamics acting on n − 1 and on n +
1 dimensional simplices. The order parameter for
each of these two independent dynamics are R[+] =∣∣∣∑N[n+1]α=1 eiθ[+]α ∣∣∣ /N[n+1], R[−] = ∣∣∣∑N[n−1]α=1 eiθ[−]α ∣∣∣ /N[n−1].
In order to investigate the properties of the dynam-
ics defined on n-dimensional simplices, we can con-
sider the standard order parameter R given by R =∣∣∣∑N[n]α=1 eiθα ∣∣∣ /N[n] and two additional order parameters
R[1] =
∣∣∣∑N[n]α=1 eiy[1]α ∣∣∣ /N[n], and R[2] = ∣∣∣∑N[n]α=1 eiy[2]α ∣∣∣ /N[n],
where y[1] = L
[up]
[n] θ = L
[up]
[n] B[n+1]z[n+1] depends
4only on the solenoidal component of the dynamics
on n-dimensional simplices, and y[2] = L
[down]
[n] θ =
L
[down]
[n] B
>
[n]z[n−1] depends only on the irrotational com-
ponent of the dynamics on n-dimensional simplices.
We have simulated the higher-order (n = 1) Ku-
ramoto dynamics on the 3-dimensional simplicial com-
plexes produced by the configuration model with power-
law generalized degree distribution of the nodes. These
simplicial complexes have Betti numbers β1 > 0, β2 =
0. We observe that the projected dynamics on the 2-
dimensional simplices and the 0-dimensional simplices
display a continuous synchronization transition (see Fig.
S − 5). When we investigate the three order parameters
for the dynamics defined on n-dimensional simplices we
observe that R does not capture the collective behavior
of the phases due to the fact that the harmonic com-
ponent of their dynamics is not coupled by the higher-
order Kuramoto dynamics. However the order parame-
ters R[1] and R[2] are sensible to the synchronization of
the solenoidal and irrotational component of the dynam-
ics of the phases (see blue points in Fig. S − 6). This
suggests that this ordering in physical system can go un-
noticed if the correct order parameters are not applied
to the signal. A phenomenological analytical approach
can show that while the projection of the phases on the
harmonic modes are decoupled θ+ and θ− have a contin-
uous synchronization transition at σc = 0 (see SM [45]).
The nature of the phase transition does not change if we
consider simplicial complexes with Poisson generalized
degree distribution of the nodes and can be explained by
an analytical framework (see SM [45])
σσ
FIG. 2: The projection of the higher-order (n = 1) Kuramoto
dynamics on (n−1)-dimensional faces and (n+1)-dimensional
faces is investigated by plotting the order parameters R[+]
(left panel) and R[−] (right panel), both for the simple (blue
circles) and explosive (red squares) dynamics. Here both the
simple and the explosive higher-order Kuramoto model have
Ω = 2 and are defined on a configuration model of N[0] =
1000 nodes, N[1] = 5299 links and N[2] = 4147 triangles with
generalized degree of the nodes that is power-law distributed
with power-law exponent γ = 2.8.
Explosive higher-order Kuramoto dynamics - In order
to explore whether it is possible to enforce an explosive
phase transition we include a coupling between the equa-
tions determining the dynamics of θ[+] and θ[−]. The way
σ σ σ
FIG. 3: The order parameters R, R[1] and R[2] of the simple
(blue circles) and explosive (red squares) higher-order (n = 1)
Kuramoto dynamics are plotted versus the coupling constant
σ. The network parameters are the same as in Fig. S − 5.
we coupled these two independent dynamics is inspired
by the coupling of the dynamics of multiplex Kuramoto
dynamics in Ref. [28]. However, while in the explosive
multiplex Kuramoto dynamics the coupling between the
phases in one layer is modulated by the local order pa-
rameter of each node in the other layer, here we consider
a modulation of the coupling between the phases θ[+]
and θ[−] given respectively by the global order param-
eters R[−] and R[+]. This choice is driven by the fact
that the (n + 1)-dimensional faces are not in a one-to-
one relation with the (n − 1)-dimensional faces. Given
these considerations we propose the following explosive
higher-order Kuramoto dynamics:
θ˙ = ω − σR[−]B[n+1] sinB>[n+1]θ
−σR[+]B>[n] sinB[n]θ, (11)
valid for each simplex α ∈ Sn. This dynamics can be
projected on the dynamics of n+1 and n−1 dimensional
simplices producing now two equations coupled by the
global order parameters R[+] and R[−]:
θ˙[+] = B>[n+1]ω − σR[−]L[down][n+1] sin(θ[+]),
θ˙[−] = B[n]ω − σR[+]L[up][n] sin(θ[−]). (12)
We have simulated the explosive higher-order Kuramoto
dynamics on simplices of dimension n = 1 on the con-
figuration model of simplicial complexes with power-law
distribution of generalized degrees.
A discontinuous phase transition emerges in R[+] and
R[−] (see Fig. S − 7). This transition is also reflected
on the irrotational and solenoidal components of the dy-
namics on the n-dimensional phases captured by the or-
der parameters R[1] and R[2], while due to the presence
of the uncoupled harmonic component R remains close
to zero (see Fig. S − 6). The nature of the phase tran-
sition does not change significantly if we consider sim-
plicial complexes with Poisson generalized degree distri-
bution (see SM [45]). Our analytical framework (see SM
[45]) explains the physics behind this discontinuous phase
transition.
Conclusions - We have introduced the higher-order
Kuramoto dynamics designed to characterize the cou-
pling between phases associated with higher-dimensional
5simplices, such as links, triangles and so on. This frame-
work allows us to define a topologically projected dy-
namics on faces of dimension n − 1 and n + 1, which
obey a dynamics of coupled oscillators. We have consid-
ered two versions of the higher-order Kuramoto dynam-
ics, the simple and the explosive higher-order Kuramoto
dynamics, and we have simulated them on the simplicial
complex configuration model. We have found that the
simple higher-order Kuramoto dynamics displays contin-
uous phase transitions for the projected dynamics defined
on n+1 and n−1 faces. Interestingly, however, when we
introduce a coupling between the dynamics projected on
the n+ 1 and n−1 dynamical phases, as in the explosive
higher-order Kuramoto dynamics, the system then dis-
plays an explosive synchronization transition. This work
opens innovative perspectives in characterizing the Ku-
ramoto dynamics on higher dimensional simplices, and it
shows that a higher-order synchronization dynamics de-
fined on n-dimensional simplices (as for example links)
can induce a simultaneous discontinuous transition on
its projected dynamics defined on (n − 1) and (n + 1)-
dimensional simplices (i.e. nodes and triangles). In the
future the proposed dynamical model can be extended
in different directions. For instance one could explore
coupling the dynamics of faces of different dimensions or
other mechanisms leading to explosive synchronization.
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SUPPLEMENTARY MATERIAL
I. ADDITIONAL BACKGROUND MATERIAL ON TOPOLOGY
Boundary map and incidence matrix
In topology the n-chains are the elements of a free abelian group Cn with basis the n-dimensional simplices of
a simplicial complex. The boundary map is a linear map ∂n : Cn → Cn−1 defined by its action on each simplex
α = [i0, i1, i2 . . . , in]. Specifically, the boundary map associates every n-dimensional simplex α = [i0, i1, i2 . . . , in] with
a linear combination of the (n− 1)-dimensional oriented faces at its boundary, given by
∂n[i0, i1 . . . , in] =
n∑
p=0
(−1)p[i0, i1, . . . , ip−1, ip+1, . . . , in]. (S-1)
Considering as a base of the space Cn an ordered set of the n-dimensional simplices α ∈ {1, 2, . . . , N[n]}, and as a
base the space Cn−1 an ordered set of the (n − 1)-dimensional simplices β ∈ {1, 2, . . . , N[n−1]}, we can define the
N[n−1]×N[n] incidence matrix B[n] representing the boundary map in the given bases. Therefore, if we take as a base
of Cn the ordered set of all the (n)-simplices {α1, α2, . . . αs . . .} and if we take as a base of Cn−1 the ordered set of
all the (n− 1)-simplices {β1, β2, . . . βr . . .} the action of the boundary map over any arbitrary n-dimensional simplex
αs = [i0, i1 . . . , in] given by Eq. (S − 1) can be equivalently expressed as
∂nαs =
Nn−1∑
r=1
[B[n]]srβr. (S-2)
Therefore, Eq. (S − 2) together with Eq. (S − 1) and a given choice of the bases of the spaces Cn and Cn−1 fully
determine the incidence matrices B[n].
Proof of the Eq. (5) of the main text
Eq. (5) of the main text can be rewritten for convenience as
∂n−1∂n = 0. (S-3)
This equation nicely reveals that the “boundary of the boundary is null”. In order to have an intuition of this result
let us consider the simplex [1, 2, 3]. Its boundary is
∂2[1, 2, 3] = [2, 3]− [1, 3] + [1, 2] (S-4)
Now by noticing that the boundary of a link [i, j] is
∂1[i, j] = [j]− [i] (S-5)
and substituting this expression in ∂1∂2[1, 2, 3] we obtain
∂1∂2[1, 2, 3] = ∂1 ([2, 3]− [1, 3] + [1, 2]) = 0. (S-6)
By using the definition of the boundary map, Eq. (S-3) can be derived in full generality. Indeed, we have
∂n−1∂n[i0, i1, . . . , in] =
∑
p<r
(−1)p+r[i0, i1, . . . ip−1, ip+1 . . . ir−1, ir+1 . . . in]
+
∑
p>r
(−1)p+r−1[i0, i1, . . . ir−1, ir+1 . . . ip−1, ip+1 . . . in] = 0. (S-7)
7II. KURAMOTO DYNAMICS EXPRESSED IN TERMS OF THE INCIDENCE MATRIX
The Kuramoto dynamics defined on the nodes i = 1, 2, . . . , N[0] of the network is usually expressed by the dynamical
system of equations for the phases θi as
θ˙i = ωi + σ
N∑
j=1
aij sin (θj − θi) , (S-8)
where aij is the generic element of the adjacency matrix of the network, ωi indicates the internal frequency of the
nodes and σ indicates the coupling constant among linked oscillators. However, this system of equations can be
equivalently expressed in terms of the incidence matrix B[1] as
θ˙i = ωi − σ
∑
`∈S1
[B[1]]i` sin
∑
j∈S0
[B>[1]]`jθj
 , (S-9)
where we indicate with Sn the set of all simplices of dimension n (of cardinality |Sn| = N[n]) present in the simplicial
complex under consideration. Note that Eq. (8) of the main text is equivalent to Eq. (S-9) the only difference being
that Eq.(8) is expressed in matrix notation. We recall that the matrix element of the incidence matrix B[1] can be
written as
[B[1]]i` =
 −1 if ` = [i, j]1 if ` = [j, i]0 otherwise (S-10)
Therefore, if we consider the particular link ` = [i, j] we can express part of equations Eq. (S-9) as
[B[1]]i` sin
∑
j∈S0
[B>[1]]`jθj
 = −aij sin(θj − θi). (S-11)
Equivalently, if we consider the same link with opposite orientation ` = [j, i] we can express the same term in equations
Eq. (S-9) with the same final expression as
[B[1]]i` sin
∑
j∈S0
[B>[1]]`jθj
 = aij sin(θi − θj) = −aij sin(θj − θi). (S-12)
Since the incidence matrix B[1] has non-zero elements only among nodes and links incident to each other, it follows
that Eq. (S-9) is equivalent to Eq. (S-8).
III. HIGHER-ORDER KURAMOTO DYNAMICS ON SMALL SIMPLICIAL COMPLEXES
In this section we consider the simple higher-order Kuramoto dynamics on small simplicial complexes. In these
simplicial complexes it is not possible to see a true thermodynamic phase transition to a synchronized state but their
dynamical study can elucidate some fundamental properties of the considered dynamics. We have considered three
simple simplicial complexes of dimension d = 2 (see Fig. S − 1): a full triangle (simplicial complex A), an empty
triangle (simplicial complex B), and three incident triangles forming an empty triangle in the middle (simplicial
complex C). The simplicial complex A has trivial homology and Betti numbers β0 = 1, β1 = 0; the simplicial
complexes B and C have instead Betti numbers β0 = β1 = 1. Moreover, the simplicial complex A includes only
one 2-dimensional simplex; the simplicial complex B does not contain any 2-dimensional simplices, whereas simplicial
complex C contains three 2-dimensional simplices.
The simple higher-order Kuramoto dynamics reads for any phase θα associated to a n-dimensional simplicial complex
α as
θ˙α = ωα − σ
∑
β∈Sn+1
[B[n+1]]αβ sin
( ∑
α′∈Sn
[B>[n+1]]βα′θα′
)
−σ
∑
β∈Sn−1
[B>[n]]αβ sin
( ∑
α′∈Sn
[B[n]]βα′θα′
)
, (S-13)
8FIG. S-1: Three small simplicial complexes (simplicial complex A, B and C) considered in this Supplementary Information.
where we draw the intrinsic frequencies ωα from a normal distribution with mean Ω and variance 1, i.e. ω ∼ N (Ω, 1).
For instance, simplicial complex A is formed by the set nodes {[1], [2], [3]}, the set of links {[1, 2], [1, 3], [2, 3]} and the
set of triangles {[1, 2, 3]}. The boundary matrices B[1] and B[2] are given by
B[1] =
−1 −1 01 0 −1
0 1 1
 . B[2] =
 1−1
1
 (S-14)
The simple (n = 1)-order Kuramoto dynamics for simplicial complex A thus reads
θ˙[12] = ω[12] − σ sin(θ[23] − θ[13] + θ[12])− σ
[
sin(θ[12] − θ[23]) + sin(θ[13] + θ[12])
]
,
θ˙[13] = ω[13] + σ sin(θ[23] − θ[13] + θ[12])− σ
[
sin(θ[13] + θ[12]) + sin(θ[13] + θ[23])
]
,
θ˙[23] = ω[23] − σ sin(θ[23] − θ[13] + θ[12])− σ
[
sin(θ[23] − θ[12]) + sin(θ[13] + θ[23])
]
, (S-15)
where θ[12], θ[13] and θ[23] are the phases associated to the links [1, 2], [1, 3] and [2, 3] respectively and where the internal
frequency of the links is indicated with ω[12], ω[13] and ω[23] using an analogous notation.
In figure S − 2 we illustrate the dynamics of the simple higher-order Kuramoto model for these three simpleces,
providing evidence that the simple higher-order Kuramoto dynamics on the considered small simplicial complexes can
give rise to non-trivial dynamics. In order to do so, we show exemplary trajectories in the phase space defined by the
link phases. These examples show the emergence of periodic states under these dynamics. However our intention is
to provide a more comprehensive analysis of the phase diagram of the simple higher-order Kuramoto dynamics in a
separate publication.
IV. THE SYNCHRONIZATION TRANSITION OF SIMPLE AND EXPLOSIVE HIGH-ORDER
KURAMOTO MODEL
In this paragraph we provide an analytical framework for the simple and the explosive higher-order Kuramoto
models that is able to reveal the main observed phenomenology, albeit being an approximate approach. In particular
the proposed framework reveals the main mechanism that determine the nature of the phase transition (continuous
for the simple higher-order Kuramoto model and discontinuous for the explosive higher-order Kuramoto model) and
provides an estimate for the critical value of σ = σc in both models.
9FIG. S-2: Examples of dynamics of the simple higher-order Kuramoto model for the simplicial complexes A (left panel) B
(central panel) and C (right panel) with Ω = 2. Panel A (and B) show the periodic trajectory of the simple higher-order
Kuramoto model on simplicial complex A (B). Panel C shows the trajectory of the simple higher-order Kuramoto model
plotting three link variables at the time θ12, θ13, θ23 (blue curve), θ24, θ25, θ45 (red curve), θ35, θ36, θ56 (yellow curve). The
frequencies and initial states used in these plots are indicated in table S − I.
SC-A SC-B
Simplex ω[ij] θ[ij] ω[ij] θ[ij]
[1, 2] 2.75 5.47 1.58 2.73
[1, 3] 1.57 6.11 1.59 2.60
[2, 3] 0.55 0.73 2.09 0.34
SC-C
Simplex ω[ij] θ[ij] Simplex ω[ij] θ[ij]
[1, 2] 0.5808 3.8153 [4, 5] 0.9793 6.2288
[1, 3] 4.5467 6.1627 [3, 5] 3.1340 4.7694
[2, 3] 1.6420 4.5698 [3, 6] 2.0385 0.9171
[2, 4] 2.4013 4.5698 [5, 6] 2.2309 2.0492
[2, 5] 1.2938 5.3840 - - -
TABLE S-I: Parameter values used in Fig. S − 2.
A. Simple higher-order Kuramoto model
We consider the simple higher-order Kuramoto model for the phases θ associated to the n-dimensional simplices of
the simplicial complex, i.e.
θ˙ = ω − σB[n+1] sinB>[n+1]θ − σB>[n] sinB[n]θ, (S-16)
where ω is the vector of intrinsic frequencies ωα associated to each n-dimensional simplex α, and each frequency ωα
is drawn from a normal distribution with mean Ω and variance 1, i.e. ωα ∼ N (Ω, 1). Let us project the vector of the
phases into any harmonic eigenvector uh of the higher order Laplacian L[n] given by
L[n] = B
>
[n]B[n] +B[n+1]B
>
[n+1], (S-17)
obtaining
θh = 〈uh|θ〉 , (S-18)
where here and in the following we indicate the cross product with the braket notation. Since the harmonic eigenvector
uh satisfies u
>
hB[n+1] = 0 and u
>
hB
>
[n] = 0 by using Eq. (S-16) we get
θ˙h = 〈uh|θ˙〉 = 〈uh|ω〉 . (S-19)
Therefore every harmonic component of the phases θh oscillates with a proper frequency explaning why the order
parameter R does not show sign of synchronization, i.e. R ' 0. However the component of the phases that are
orthogonal to the harmonic component can become synchronized. This can be observed by considering the variables
θ[+] = B>[n+1]θ,
θ[−] = B[n]θ, (S-20)
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which “filtrates out” the harmonic component of θ, i.e.
〈uh|θ[+]〉 = 〈uh|θ[−]〉 = 0, (S-21)
because by the theory of the Hodge decomposition it is known that any harmonic eigenvector uh of the higher-
order Laplacian L[n] is in the kernel of both incidence matrices B[n+1]
> and B[n]. Moreover, θ[+] and θ[−] are
linearly independent since, according to Hodge decomposition, the incidence matrices B>[n+1] and B[n] are not only
simultaneously diagonalizable on the base of eigenvectors {uλ} that diagonalize the Laplacian L[n], but are such that
any eigenvector uλ corresponding to a non zero eigenvalue λ of the Laplacian L[n] is either in the kernel of B
>
[n+1] or
in the kernel of B[n], i.e. either
B>[n+1]uλ = 0, (S-22)
or
B[n]uλ = 0. (S-23)
As discussed in detail in the main body of the paper, the simple higher-order Kuramoto model given by Eq.(S-16)
induces the following dynamics on the projected phases θ[+] and θ[−]
θ˙[+] = B>[n+1]ω − σL[down][n+1] sin(θ[+]), (S-24)
θ˙[−] = B[n]ω − σL[up][n−1] sin(θ[−]). (S-25)
These equations are independent and have a very similar structure. Here we focus on the first equation (Eq. (S − 24)
) and show that the phases θ[+] undergo a continuous synchronization transition with order parameter
R[+] =
∣∣∣∣∣ 1N ∑
α
eiθ
[+]
α
∣∣∣∣∣ . (S-26)
Let us consider the base {vλ} of eigenvectors the down Laplacian L[down][n+1] with vλ indicating the eigenvector
corresponding to the λ eigenvalue of down Laplacian L
[down]
[n+1] . By projecting θ
[+] on the basis of the eigenvectors vλ
we obtain
φ
[+]
λ = 〈vλ|θ[+]〉 . (S-27)
By using Eq.(S-24) we can easily see that φ
[+]
λ obeys the dynamical equation
φ˙
[+]
λ = 〈vλ|B>[n+1]ω〉 − σλ 〈vλ| sin(θ[+])〉 . (S-28)
The variables φ
[+]
λ reach a stationary state as long as
σλ 〈vλ| sin(θ[+])〉 = 〈vλ|B>[n+1]ω〉 = 〈B[n+1]vλ|ω〉 . (S-29)
Since vλ has the additional property to be the left eigenvector of B[n+1] with eigenvalue λ we have
〈B[n+1]vλ|ω〉 = λ 〈wλ|ω〉 , (S-30)
where wλ is the right eigenvector of B[n+1] corresponding to the eigenvalue λ. Therefore the stationary state for φ˙
[+]
λ
is achieved if
σ 〈vλ| sin(θ[+])〉 = 〈wλ|ω〉 . (S-31)
as long as λ 6= 0. Since | sin(x)| < 1, we obtain that the λ-eigenmodes with λ 6= 0 can be locked only if
σ|max
θ[+]
〈vλ| sin(θ[+])〉 | > |ωλ|, (S-32)
where ωλ is given by
ωλ = 〈vλ|ω〉 . (S-33)
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From Eq.(S-31) it follows that we can express sin(θ[+]) as
sin(θ[+]) =
1
σ
∑
λ(locked),λ 6=0
ωλvλ + y, (S-34)
where the first sum is performed only over the locked eigenvalues λ, and y is a non specified vector with zero projection
on the locked modes, i.e. ∑
λ(locked),λ 6=0
〈vλ|y〉 = 0. (S-35)
In order to investigate the synchronization transition on the simple higher-order Kuramoto model we consider the
order parameter R[+] defined in Eq.(S-26) and we write it as
R[+] =
∣∣∣∣ 1N[n+1] 〈1|eiθ[+〉
∣∣∣∣ =
∣∣∣∣∣ 1N[n+1] ∑λ 〈1|vλ〉 〈vλ|eiθ
[+]〉
∣∣∣∣∣ , (S-36)
where we have used the identity
1 =
∑
λ
|vλ〉 〈vλ| . (S-37)
Therefore R[+] can be written as
R[+] '
∣∣∣∣∣ 1N[n+1] ∑λ 〈1|vλ〉
[
〈vλ| cosθ[+]〉+ i 〈vλ| sinθ[+]〉
]∣∣∣∣∣ . (S-38)
In order to evaluate R[+] we neglect the contribution coming from un-locked eigenmodes, i.e. we neglect y in Eq.
(S-35) and we get
R[+] '
∣∣∣∣∣∣∣
1
N[n+1]
∑
λ(locked),λ6=0
〈1|vλ〉
[
〈vλ| cosθ[+]〉+ i 〈vλ| sinθ[+]〉
]∣∣∣∣∣∣∣ . (S-39)
We now make the further assumption that each locked mode contributes a constant term equal to a to R[+], therefore
we approximate
R[+] ' aGσ, (S-40)
where Gσ is equal to the fraction of locked eigenmodes satisfying the equation Eq.(S-32), i.e.
Gσ =
1
N[n+1]
∑
λ(locked)λ6=0
1. (S-41)
In order to characterize the transition, we consider Eq. (S-32) determining the condition for an eigenmode to be
locked, i.e.
σmax
θ[+]
|v>λ sin(θ[+])| = |ωλ|. (S-42)
First of all we notice that ωλ (given by Eq.(S-33)), being the projections of Gaussian variables on a orthogonal basis,
they are on their turn Gaussian variables with mean Ω and variance 1, i.e. ωλ ∼ N (Ω, 1). Secondly we assume that
in first approximation
max
θ[+]
|v>λ sin(θ[+])| ' B, (S-43)
where B is independent on λ. Finally, by indicating with b the fraction of non-zero eigenvalues of B[n+1], we can
approximate Gσ as
Gσ = bρσ, (S-44)
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where ρσ is the probability that the λ 6= 0 eigenmode is locked, i.e.
ρσ =
1√
2pi
∫ σB
−σB
dωe−(ω−Ω)
2/2 =
1
2
[
erf
(
Bσ − Ω√
2
)
+ erf
(
Bσ + Ω√
2
)]
. (S-45)
Therefore by putting A = ab we obtain, within our approximations,
R[+] ' Aρσ = A
2
[
erf
(
Bσ − Ω√
2
)
+ erf
(
Bσ + Ω√
2
)]
, (S-46)
which is consistent with a synchronization transition for R[+] obtained at σc = 0 for the simple higher-order Kuramoto
model, in agreement with the simulation results. A similar approach can be used to show that also R[−] has a transition
of σc = 0 in the simple higher-order Kuramoto model. In Figure S − 3 we show a typical curve for the synchronization
transition of R[+] obtained using Eq. (S-46) with Ω = 2 and A = B = 1.
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FIG. S-3: Our analytical approach reveals that the simple higher-order Kuramoto model display a continuous phase transition
at σc = 0. Here we show a typical result for R
[+] obtained by plotting Eq. (S-46) for Ω = 2 and A = B = 1.
B. Explosive higher-order Kuramoto model
For the explosive higher-order Kuramoto model, we start by considering the following equations for the projected
phases θ[+] and θ[−]
θ˙[+] = B>[n+1]ω − σR[−]L[down][n+1] sin(θ[+]), (S-47)
θ˙[−] = B[n]ω − σR[+]L[up][n−1] sin(θ[−]). (S-48)
We now observe that Eq.(S-47) differs from Eq. (S-24) only by the substitution
σ → σR[−], (S-49)
13
and similarly Eq. (S-48) differs from Eq.(S-25) only by the substitution
σ → σR[+]. (S-50)
Therefore, by following the same arguments used in the previous paragraph to derive Eq.(S-46) we obtain the coupled
system of equations for the order parameter of the R[+] and R[−] of the explosive higher-order Kuramoto dynamics,
R[+] = F [+](R[−]) =
A[+]
2
[
erf
(
B[+]R[−]σ − Ω√
2
)
+ erf
(
B[+]R[−]σ + Ω√
2
)]
, (S-51)
R[−] = F [+](R[+]) =
A[−]
2
[
erf
(
B[−]R[+]σ − Ω√
2
)
+ erf
(
B[−]R[+]σ + Ω√
2
)]
. (S-52)
This system of equations display a discontinuous transition. In Fig. S − 4 we show a typical result obtained by
integrating numerically Eq. (S-47) and Eq.(S-48) for Ω = 2, A[+] = A[−] = 1 and B[+] = B[−] = 2. The point of the
discontinuous phase transition can be obtained analytically by imposing that the Jacobian matrix of the system of
equations
R[+] − F [+](R[−]) = 0,
R[−] − F [+](R[+]) = 0. (S-53)
(equivalent to the system of Eqs. (S-53)) has a determinant equal to zero. In this way we obtain the equation
1 =
dF [+](R[−])
dR[−]
dF [−](R[+])
dR[+]
, (S-54)
where
dF [±](R[±])
dR[∓]
=
1√
2pi
B[±]σ
[
exp
(
− (Ω−B
[±]R[∓])2
2
)
+ exp
(
− (Ω +B
[±]R[∓])2
2
)]
. (S-55)
The critical point σc can be obtained by solving Eqs. (S-51),(S-52) together with Eq.(S-54). For instance, for the
case studied in Fig. S-4 we get σc = 1.7760 . . . and R
[+]
c = R
[−]
c = 0.7981 . . .. In general the critical value σc will
be a function of Ω and of the topology of the simplicial complex, captured within this approximate solution by the
constants A[±] and B[±].
V. HIGHER-ORDER KURAMOTO DYNAMICS ON LARGE SIMPLICIAL COMPLEXES
In the main text we have reported the simulations of the simple and the explosive higher-order (n = 1) Kuramoto
dynamics on the 3-dimensional simplicial complexes produced by the configuration model with power-law generalized
degree distribution of the nodes. Here we show evidence that the nature of the phase transition does not change if the
generalized degree distribution is more uniform or if the simplicial complex has a non trivial network geometry. In
particular we consider the simple (Eq. (9) of the main text) and the explosive (Eq. (12) of the main text) Kuramoto
dynamics defined on simplices of order n = 1 of a 3-dimensional simplicial complex produced by the configuration
model [16] with Poisson generalized degree distribution of the nodes with average c = 3. These simplicial complexes
have Betti numbers β1 > 0, β2 = 0. For the simple Kuramoto dynamics we observe that the projected dynamics on
the 2-dimensional simplices and the 0-dimensional simplices display a continuous synchronization transition whereas
for the explosive Kuramoto dynamics we observe a discontinuous transitions (see Figures S − 5 and S − 6).
Similar phase diagrams can be observed for the simple Kuramoto model and the explosive Kuramoto dynamics on
simplices of order n = 1 simulated over a “Network Geometry with Flavor” [46] with d = 3, s = −1 and “inverse
temperature” βˆ = 0 (see Figures S − 7 and S − 8).
VI. HIGHER ORDER KURAMOTO DYNAMICS ON CONNECTOMES OF HOMO SAPIENS AND C.
ELEGANS
In this section we study the synchronization transition of the simple and the explosive higher-order Kuramoto
dynamics for n = 1 taking place over of simplicial complexes constructed starting from real connectomes. In particular,
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FIG. S-4: Our analytical approach reveals that for the explosive higher-order Kuramoto model the synchronization transition is
discontinuous. Here we show R[+] for a typical scenario obtained by integrating Eq. (S-47) and Eq.(S-48) for Ω = 2, A[+]A[−] = 1
and B[+] = B[−] = 2. Note that given the symmetric choice of the parameter in this case we will have R[−] = R[+].
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FIG. S-5: The projection of the higher-order (n = 1) Kuramoto dynamics on (n−1)-dimensional faces and (n+ 1)-dimensional
faces is investigated by plotting the order parameters R[+] (left panel) and R[−] (right panel), both for the simple (blue points)
and explosive (red points) dynamics. Here both the simple and the explosive higher-order Kuramoto model have Ω = 2 and
are defined on a configuration model of N[0] = 1000 nodes, N[1] = 4502 links and N[2] = 3117 triangles with generalized degree
of the nodes that following a Poisson distribution with average c = 3.
we consider two connectomes resulting from experimental data and describing respectively the large-scale connectivity
of the Homo Sapiens brain [47] and the microscopic structure of the C. Elegans worm brain [48]. The brain simplicial
complexes considered in this study are generated starting from the connectomes an performing the so called clique-
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FIG. S-6: The order parameters R, R[1] and R[2] of the simple higher-order (n = 1) Kuramoto dynamics (blue points) and
explosive higher-order (n = 1) Kuramoto dynamics (red points) are plotted versus the coupling constant σ. The network
parameters are the same as in Fig. S − 5.
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FIG. S-7: The projection of the higher-order (n = 1) Kuramoto dynamics on (n−1)-dimensional faces and (n+ 1)-dimensional
faces is investigated by plotting the order parameters R[+] (left panel) and R[−] (right panel), both for the simple (blue points)
and explosive (red points) dynamics. Here both the simple and the explosive higher-order Kuramoto model have Ω = 2 and
are defined on NGF model with d = 3, s = −1 and N[0] = 1000 nodes, N[1] = 2994 links and N[2] = 2992 triangles.
complex, i.e. every (n+ 1) clique is identified with a n-dimensional simplex. Therefore every node of the connectome
corresponds to a 0-simplex, every link corresponds to a 1-simplex and every triangle corresponds to a a 2-simplex
of the brain simplicial complex. The simple and the explosive higher-order Kuramoto model have been studied over
the brain simplicial complexes and reveal that the nature of the transition of the two dynamical model is unchanged
(see Figures S − 9 and S − 10). In particular, we observe a continuous phase transition on the dynamics projected
on nodes and triangles (see Fig. S − 9) for the simple higher-order Kuramoto dynamics and an explosive one for the
coupled higher-order Kuramoto dynamics. Similarly, in Fig. S − 10 we observe that the traditional synchronization
parameter R is not appropriate to study the synchronization transition in these higher-order Kuramoto models,
whereas the solenoidal and irrotational synchronization parameters R[1] and R[2] display a continuous transition for
the simple higher-order Kuramoto dynamics, and an explosive one for the coupled higher-order Kuramoto dynamics.
We also notice that, due to the smaller size of the considered connectomes (and particularly the Homo Sapiens one),
the observed discontinuity in the synchronization parameters on the explosive higher-order dynamics at the transition
point is smaller than for the simplicial complex models.
Therefore, our results indicate that the nature of the phase transitions is robust and holds even when one consideres
simplicial complexes constructed from experimental networks.
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FIG. S-8: The order parameters R, R[1] and R[2] of the simple higher-order (n = 1) Kuramoto dynamics (blue points) and
explosive higher-order (n = 1) Kuramoto dynamics (red points) are plotted versus the coupling constant σ. The network
parameters are the same as in Fig. S − 7.
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FIG. S-9: Here we investigate the higher-order Kuramoto dynamics on top of simplicial complexes extracted from brain
connectomes. In particular, we consider the Homo Sapiens connectome [47] (top panels, N[0] = 66, N[1] = 254, N[2] = 291),
and the C. Elegans connectome [48] (bottom panels, N[0] = 277, N[1] = 1918, N[2] = 2699). We investigate the projection of
the higher-order (n = 1) Kuramoto dynamics on (n− 1)-dimensional faces and (n+ 1)-dimensional faces by plotting the order
parameters R[+] (left panels) and R[−] (right panels), both for the simple (blue points) and explosive (red points) dynamics.
Model parameters are as in previous figures.
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FIG. S-10: The order parameters R, R[1] and R[2] of the simple higher-order (n = 1) Kuramoto dynamics (blue points) and
explosive (red points) higher-order (n = 1) Kuramoto dynamics are plotted versus the coupling constant σ, for Homo Sapiens
(top panels) and C-Elegans (bottom panels) connectomes. The network parameters are the same as in Fig. S − 9.
